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Internal direct product of two
groups

" Definition : If #, K be any two sub-groups of a group G, then G e
- said to be internal product of A and K, '
ie., Gr=4H % K,
if (i) Every element of H commutes with every element of X
(if) Every element of G is uniquely expressxbie as a produc: of an

element of A and an element of K. - ﬁ

Theorem 4. If H and K are two sub-group of a grou
such that G = H X K, then H and K are normal sub-group.
Gand%—zK and %:H :

Proof : Let us suppose the mapping f: G - H defined as _

¢ (@) =0 (k) =h =2
where g = ik is any element of G, G = H x K.

Again by definition, & and k are umque elements of H andf

respectively. Now we ‘have to prove that (o] dcfined as above 15:
- homomorphism of G onto H.- : e
= ;:‘:ConSJder g1.=h1 ky and g, =hy ks



gy Rz = h] ,-f' ’l.)_ I\";!
=y hy ky ks, by definition
= (hy hy) (&, K2 where s e 1 oand ki ks e K
O (8182 =0 (U k) (k, ko) '

= hy hy, by definition of &

=0 ()G ().

Also & 18 Obviously onto. Thusx ¢ is

a lmmmm)rph: st of G onte 11,
Lot Us NOow find kernel of ¢ ¢ —y I,

Rernel of ¢ ={p: & (8) = e the identity of H)

= 2 =(’,\=’\AGK
Kernel of ¢ = {(k - k eK) =

Since the Kernel of ¢ is a normal sub
h-group of G. :

-~

Also K 1S a quotient group.. By fundamental

“u

~€roup and hence X is a normal

theorem ofr
omomorphism, we know that homomorphic image of H of ¢:G —> His
:omorphic to quotient group %

~ S

K. - :

Similarly we can prove that H is a normal sub-group and
G, = ' p ‘
H = K. . :

Theorem 5. If a group G be the internal direct product
of its sub-groups H and K, then :

(i) H and K have only the identity in common.

(ii) G is isomorphic to external direct product of H by K,
i.,e. G = H x K. ' - <R
Proof : (i)'Consuier xe H_ﬁ'K so that xe H and xe K and
3 x1 eH xlek
because both H and K are sub- -groups.
Again ge G can be umquely expressed as
‘g=hk: heH, keKasG HxK At B e a (1)
and g = (hx) (x"' k) hx eH, x! keK |

2%



By definition of G = )y X N

v cach element of o ¢
cxpressed as the product of

an h
an element of }4 and

u :
L anelement of g My,
hus from (1) and ¢ :

hx = h and g A=k

“ {3
[2), \We ¢ onclude that |

S BN = e X o=

Therefare o the xdcnm\'

1s the only e
1.¢. cE H g} 1\)

(1) Suppose that the mapping ¢ : G — H is dCﬁnCd by
O W@ =0 (k)= 4, k), ¥V geG.

¢ is one-one : Lot ¢ () =9 (82 = (h, k) = (hj,
= &y =h,yand &, =ky
=>. - &y = hy ko
= B1=g,

k)

= ¢ Is one-one.
¢ Is onto : Suppose (4, k) be any element of H x K, then ik e G.
Also ¢ (k) = (h, k), by definition.
= ¢ is onto. ,
¢ preserves the composition :
©(8182) =0 (h ky, haky) = & ( by ha ky k)
because every element of H commutes with every element of X.
S 9 (g 82) = (hyhy ki ky), (-h hyeH, k) k> € K)
= (hy, k1) (hy, ky)
=0 (h1 k) ¢ (hy ky) £
= ¢ (1) ¢ (82).
¢ : G > H x K is one-one onto and preserves the group
composition therefore it is an isomorphism.
Theorem 6. A group G is the direct product of its two
sub-groups H and K ie., G = H x K, if and only if
(i) H and K are normal sub-groups, ‘
(it) H N K = {fe}, ; , : s
(iii) G = HK. : ; =
" Proof : Let us suppose that the conditions (i), (ii) and (iii) holds
good. Then we have to prove that G=HxK, z e., condmons (i) and (i1) of
:ieﬁnmon of internal direct product hold good. -

Consider he H, ke K so that A-! eHand k1 eK
R

T e

clement CO!“"]O" lo I ang
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e element A P4V AR = K Ciat hk) H %2
= Y {some element of H a8

pormal sub—groﬂp
nd ae H =3 ) aeH.

\‘:‘gqsﬂ weL

=M asi-tells
again & U S TN ¢ R S Y
= (sowe clement b of K as K i€ anormal sub-grov
= Mk €K,
Since AL & AR belongs to both /1 and K, therefore
A1 &Y Bk belongs o H A K = (e}, by (i),
(A 'k YAk =¢
or. (AH)YY (hk) = e => hk = (kh)"\) = kh.
This shows that every element of H commutes with every element of K
asch 1s condition (1) of definition of G = H X K.

p)k

Suppose g€ G be expressed as g = hk : he H, ke K.
Now we have to prove that the condition (ii) of definitionof G = /- A
¢. the above expression for g is unique.
If possible suppose g =k : hy € Hy,k; €K
hk = hyk, = k! (hk) kY = by (By k) K
= (hy" h) (k=Y = (B By) Ry kD)
= h; = kgk~Y
Since h,"! he H and k k! € K therefore each of them bclongs to

-::‘K-{e} by (11).
| hl"h—eandkk’“—e or hy = h and k&, = k.

- -

Hence the expression for‘g = hk is unique

s G=HxK.

Conversely : Let G = H X K so that g = hk subject to conditions (1)
wd (ii) of definition of G = H X K and-we will prove the condmons (1), (i1)
and (1) of this theorem. ‘

(i) H and K are normal sub groups

J..et a be any element of H and g = hk be any element of G

g“ ag =HhVa k)= k! kY)Y a (hk)
= (b1 k1) a (kh) by condition (i) of definition
a =h7! k"1 (ak) h
L ' —h! (k) ka) h=h"'ah eH.

!




Since for every ge G and ae H, we have glageH,
Therefore H is normal sub group of G v
Similarly X' is also a norma] sub-group of G.

(11) Now we shall prove that H N K = {e}.

Let @ # ¢ be any element of H N K so that ae H, ack. .
certainly aeG.

If e be the identity Wthh belongs to both H and K and is the Sam_e&_
that of G. el ' :

Nowa=ea-ae

This shows that an element g of G is expressible in two dlfferent w‘,,
as the product of an element of 4 and that of X : , |

But this violates the definition () of G=H XK.
Hence our supposition that'a # ¢ is wrong and as such
HNK={e)}.
(in) Now we will show that G = HK.
We know that HX cG.
" Let ge G so.that g = hi, e H, ke K
= g€ HK = G c HK.

: since HK — G and G cCc HK therefore it follows that : |
G HK.
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